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Numerical solutions of the two-dimensional Navier-Stokes equations for vertically
falling films show that when the wave amplitude exceeds a certain magnitude, two
hyperbolic points on the wall and an elliptic point in the film are generated below the
minimum of the wave and travel at the wave velocity. The shear stress along the wall
between the hyperbolic points becomes negative and the instantaneous flow field in the
film shows roll formation with flow reversal near the wall region. As the wave ampli-
tude increases further, these rolls expand to the free surface dividing the film into
regions of up and down flows. For high Kapitza number fluids such as water, multiple
regions of up-flow and negative wall shear stress exist with their width oscillating in
time. The flow field is interpreted in both stationary and moving frames of reference
and in explaining transport enhancements at the wall and free surface. © 2008 American

AIChE
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Introduction

Free surface flows of thin liquid films along inclined or
vertical walls have been studied extensively using laboratory
and numerical experiments as well as analytical models.
There are many papers and monographs where thorough
reviews can be found on the progress made and current
understanding of wavy films."® At present, there are many
unresolved issues related to the accurate determination of the
streamwise velocity distribution inside the wavy film and the
subsequent understanding of the gas to liquid and solid
(wall) to liquid heat and mass transfer enhancements. This
knowledge is very important, because it leads to accurate
calculation of the transfer rates and consequently to a more
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rational design of equipment where this type of flow takes
place. To understand fully how heat and mass transfer are
enhanced in a wavy film, the hydrodynamics of this flow
must be studied; in particular, the flow field underneath and
in the front region of big waves needs to be clarified.

So far, the most established and well understood study of
streamwise velocity distributions for this flow has been
obtained by Alekseenko et al.,'? who studied liquid films of
aqueous glycerin and ethanol solutions at moderate Reynolds
numbers (Re < 70) and Kapitza numbers in the range 100 <
Ka < 910. They concluded that a self-similar parabolic pro-
file describes their experimental data well apart from a nar-
row region at the minimum film thickness. Because of the
scatter of data in that region, there is a lack of knowledge as
to how the velocity distributions look like. Alekseenko
et al.’s experiments have been performed on film flows
where the inlet flow rate was varied periodically (regularly
excited waves). They attributed the enhancement of heat and
mass transfer to the wavy nature of the film, as they were
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unable to observe any roll formation or negative velocities in
the main hump of the waves or elsewhere.

Wasden and Dukler’ performed a numerical analysis of
naturally excited waves on films of water that have been
observed experimentally at large Reynolds number (Re >
600, Ka = 4144.5). They concluded that there are regions of
large streamwise acceleration in the wave along with regions
of circulating flow when viewed in a coordinate system mov-
ing with the wave. Miyara'® also computed a circulation of
flow in a moving coordinate system for smaller Reynolds
numbers (Re = 100). Many other studies*®!112 have also
shown this region of circulation underneath the hump of a
large amplitude wave when viewed in a coordinate system
moving with the wave.

The possibility of up-flow near the wall (with negative
wall shear stress) in vertically falling films was first conjec-
tured by Massot et al.'* based on simplified flow models and
periodic boundary conditions. Malamataris et al.™ performed
numerical experiments in a wavy film along an inclined wall
and computed velocity distributions in the whole area of the
computational domain. They found agreement with the gen-
erally accepted theory of a self-similar parabolic velocity dis-
tribution in most regions of the computational domain. They
also found a region of flow reversal in the vicinity of the
minimum free surface thickness, which leads to a negative
shear stress at the wall. The existence of negative wall shear
stress has been confirmed by Tihon et al.”" in laboratory
and numerical experiments.

This work is motivated from the need to study the hydro-
dynamics of vertically falling liquid films with special atten-
tion to the flow field in the region underneath and in front of
big waves where previous studies showed the existence of a
region with negative wall shear stress. The main goal of this
work is to elucidate how the flow field in the film evolves as
the wave amplitude changes either because of changes in the
film flow rate or fluid properties.

This article is organized as follows: the governing equa-
tions are presented along with the computational domain, the
boundary conditions and the parameters of the flow in the
next section. In the following two sections, we present
detailed computational results for parameter values that cor-
respond to the experiments of Alekseenko et al."? and
Kapitza and Kapitza.'® We illustrate new results such as the
occurrence of negative streamwise velocity at the free sur-
face and oscillatory roll structures underneath the waves, in
these most cited experimental works. We also present a
physical interpretation of the computational results in both
stationary and moving frames of reference and discuss the
influence of the flow field in the film on transport enhance-
ment. In the last section, we summarize the results of this
study and discuss some unresolved issues related to falling
films.

Governing Equations, Boundary, and Initial
Conditions

The computational domain for the vertical wavy film flow
is shown in Figure 1. A Newtonian fluid of constant viscosity
and density flows in a slit and exits so that it flows along a
vertical wall on one side and along a free surface on the
other side. The ambient air is considered idle. As shown in
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Figure 1. Computational domain and boundary condi-
tions for the wavy film flow along a vertical
wall.

prior theoretical studies, the flat film solution is unstable at
all flow rates and exhibits convective instability, i.e., pertur-
bations introduced at the inlet may grow as they are con-
vected downstream. In the physical or numerical experi-
ments, the perturbations that lead to waves may be intro-
duced in various ways. The flow rate per unit width I" at the
entrance may be varied periodically or suddenly. In this case,
the waves are excited in a forced way. If the wall is long
enough, waves are induced because of noise in the inlet flow
rate or because of ambient pressure fluctuations or because
of other disturbances that may enter the film at any stream-
wise location. In this case, the waves are said to be naturally
excited. The waves grow as they travel downstream produc-
ing interesting phenomena such as evolution to solitary
waves, interfacial turbulence, and spatiotemporal chaos, as
discussed in the books by Alekseenko et al.' and Chang and
Demekhin.’

For a two-dimensional isothermal transient flow of an
incompressible Newtonian fluid, the dimensionless Navier-
Stokes equations are:

V.ou=0 (1)

Ju 1 T 1
R -Vu = —Vp—i—R—eV -{Vu-i—(Vu) } + 58

(©))

The governing equations are given here in their primitive
variable formulation. Equations 1 and 2 represent mass and
momentum conservation, respectively. Here u = (u, v) is the
dimensionless velocity vector in the fluid, with # and v its
components in the x- and y-direction, respectively, and g is
the unit vector in the direction of gravity (in the case of
Figure 1, g = i), p is the dimensionless pressure, Re = pI'/u
is the Reynolds number with I" the flow rate per unit span, p
the density and p the viscosity of the fluid. (It should be
noted that the Reynolds number defined here is one fourth of
that used by Mudunuri and Balakotaiah®). The group Fr =
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Uz/ghN is the Froude number with g the magnitude of grav-
ity, hn the Nusselt film thickness, and U = I'/hy the mean
velocity of the flow. Pressure p has been non-dimensional-
ized with the magnitude pUz. Time ¢ has been rendered
dimensionless with term //U. Because of the nondimension-
alization of the equations with the flow rate I' and the Nus-
selt film thickness /y, the Froude number is related to the
Reynolds number Re by Fr = Re/3. The Nusselt film-thick-

ness Ay is given by
1
3ul™\3
Iy = (L)
P8

The boundary conditions for this flow are depicted in
Figure 1 and given in equations below:
At the entrance:

u= Ey(l —%)(1 + ¢ sin(2nft)) 3)

72
v=20 “)

Along the walls of the slit:

u=20 5)
v=20 (6)
Along the vertical wall:
u=20 @)
v=20 )
Along the free surface:
n.T.n = 2H.-We )
nTt=0 (10)
V= % + u% (11)

At the outflow: free boundary condition.

Equations 3 and 4 impose a parabolic slit flow at the en-
trance of the computational domain. The parameter y is the
ratio of the slit width H (see Figure 1) to the Nusselt film
thickness Ayn. In this work y = 1. That is, the width of the
slit is taken to have the same magnitude as the Nusselt film
thickness while the length of the slit is 34n. However, the
choice of the height of the slit, H, is independent of the
dimensionless Nusselt film thickness, /4y, and for the sake of
a general formulation of this problem, there should be a dis-
tinction between these two dimensions. In more conventional
formulations of this inlet boundary condition, this distinction
is not made and y is set equal to one.*

The flow rate pulsates sinusoidally at the entrance (or at
x = —3hy) and in this way, regular periodic waves may be
produced depending on the forcing frequency f. The parame-
ter ¢ is the dimensionless magnitude of forcing with 0 < ¢ < 1.
The inclusion of the slit at the entrance of the flow domain
is used for the first time for this flow. It has the advantage
that relatively high forcing amplitudes ¢ may be used that
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reveal the asymptotic wave structure with much shorter
domain lengths in the streamwise direction, reducing the
computational effort as will be shown later. Malamataris
et al.'"'® used successfully the same approach.

The no-slip boundary condition has been imposed along
the walls of the domain (Eqs. 5-8). Normal stress equilibrium
is formulated along the free surface with Eq. 9, where
We = J/pUth is the Weber number, with ¢ the surface
tension of the fluid, 2H, = hx,‘/(l-l-hi)*%/2 the mean free sur-
face curvature, and T = —pl + 2 [Vu + (Vu)'] the dimen-
sionless stress tensor of the fluid, with I the identity
tensor. Tangential stress equilibrium is formulated along the
free surface with Eq. 10. In Eqs. 9 and 10, the term
n=(—hd+ j/y/1+h%) is the unit vector normal to the
free surface and the term t = (i + Ayj/+/1 + A2) is the unit
vector tangential to the free surface, with /4 the location of
the free surface and h, = %, as shown in Figure 1 as well.
Equation 11 is the (kinematic) condition of no mass penetra-
tion across the free surface, which is solved simultaneously
with the governing equations to yield the location of the free
surface at each point of the computational domain.

The free boundary condition has been applied at the out-
flow, to let the fluid leave the computational domain freely
without any distortion of the flow in the interior. This out-
flow boundary condition enables waves to exit from the com-
putational domain at any Reynolds number as opposed to
other exit boundary conditions which are limited to low
Reynolds numbers.*> The free boundary condition has been
initially used in free surface flows by Malamataris and Papa-
nastasiou.!” As discussed by Gao et al.,* in other direct nu-
merical calculations'®>! periodic boundary conditions were
used which enforce conservation of mean film thickness and
limit the study to single developed waves. In recent direct
numerical simulations,>* the study is limited to low Reyn-
olds numbers due to back-flow from the exit, caused by the
imposition of other outflow boundary conditions.

The formulation of the problem yields two dimensionless
numbers: the Reynolds and the Weber numbers. However, it
is more helpful to analyze this problem using the Weber and
Kapitza number as shown in the work of Panga and Balako-
taiah.® The Kapitza number is defined as Ka= W, with

v the kinematic viscosity of the fluid. Given any Kapitza and
Weber number, the Reynolds number may be calculated as

Re — (31/3Ka) 3/5

We

As explained by Panga and Balakotaiah,?® for free falling
vertical films, the magnitude of the Weber number deter-
mines the importance of inertial effects and the complexity
of the film profile increases with increasing Ka and decreas-
ing We values. Based on the magnitude of the Weber num-
ber, the film behavior can be divided into the viscocapillary
(We > 1) and inertial regimes (We < 1). All the calculations
presented in this work are confined to the viscocapillary
regime.

The computational mesh used in this work along with
other computational details follow the work of Malamataris
et al."* and hence will not be repeated here. Table 1 gives in-
formation related to the mesh used in the present computa-
tions. All results that are presented in the next section are in-
dependent of time step and mesh resolution with six decimal
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Table 1. Mesh Resolution Used in This Work

Mesh tessellation

x-direction: 10 elements per
Nufelt film thickness

y-direction: 10 elements spaced
from O to h (s. fig. 1)

Length of domain
Number of elements
Number of nodes
Length of slit

300 to 1000 Nupelt film thicknesses
30,300 to 100,300

133,282 to 421,282

3 Nupelt film thicknesses

Number of unknowns
Dimensionless time-step
CPU per time step
Number of time steps for

fully developed waves
Average time for one

complete run
Computer

293,904 to 972,904
0.025

48 to 204 s

16,000 to 24,000

5 to 50 days

Xeon processor at 2.4 GHz,
4 GB RAM

or better accuracy for both pressure and velocities. To deter-
mine this independence of results due to discretization, the
code was run with a denser mesh and a finer time step by
doubling the number of elements in the x- and y-direction
and reducing the time step by a factor of 2.

The ultimate criterion for the validity of any computational
result is the comparison with available laboratory experimen-
tal data. The computed results of this work have been exten-
sively validated against experiments in previous publications
of Malamataris et al.'*'”'® and Tihon et al.” However, some
additional comparisons with experiments are given in the
next section, confirming further the validity of the computed
results.

Flow Structure Underneath the Waves in the
Experiments of Alekseenko et al.

Alekseenko et al.’s'? and Kapitza and Kapitza’s16 labora-
tory experiments represent the two most cited experimental
results on vertically falling films. In this work, we perform
numerical experiments under their process conditions, to pro-
vide additional evidence for the accuracy of our computed
results. Additionally, we have discovered the existence of
negative streamwise velocity all the way up to the free sur-
face and other finer details in the flow field that have not
been recognized in prior studies.

Analysis of Velocity Profiles

Alekseenko et al.'> measured velocity distributions in ver-
tically falling thin liquid films. Their aim was twofold: to
examine whether the hypothesis of a self-similar parabolic
velocity profile is correct for this kind of flow and to investi-
gate if vortices are formed in the film, leading to enhanced
heat and mass transfer between the liquid film and the sur-
roundings. They used a water—glycerin solution with a kine-
matic viscosity v = 7.2 - 107° m?/s, at a Reynolds number
of 12.4 and they produced three kinds of waves. However,
the magnitude of the forcing frequencies was not reported in
their work. The corresponding Kapitza and Weber numbers
were 202.27 and 4.39, respectively.
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In our work, we reproduced the three types of their waves
using dimensionless pulsing frequencies of 0.15, 0.079, and
0.05 with an amplitude of 50% (or ¢ = 0.5). Figure 2 shows
the development of the three waves in a domain that extends
200 dimensionless units downstream the slit exit, while the
shape of the single waves is shown in Figure 3. The waves
reach their asymptotic shape after about 80 dimensionless
units. The dimensionless time in Figure 2 is 200 units. As
the frequency of the pulsing decreases, solitary waves of the
7, family appear.’** This result has also been confirmed by
the experiments of Liu and Gollub®2° on inclined film
flows.

Table 2 compares the computational results of this work
with the measurements of Alekseenko et al.' regarding the
maximum wave amplitude /.., the wavelength A, and the
wave velocity or celerity Ce. There is excellent agreement in
the calculation of the maximum height /,,,x where the devia-
tion is less than 1%. The agreement is also good in the speed
of the waves Ce where the deviation is 10.8% for the wave
structure of Figure 3c and 6.8% for the wave structure of
Figure 3a, while the results for the wave structure of Figure
3b are almost identical. Finally, the agreement is relatively
good in the wavelength A, where the deviation for the wave
in Figures 3b, c is 8.4% and 15%, respectively. There is a
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Figure 2. Numerical results for the evolution of waves at
Alekseenko et al’'s experimental conditions.’
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Figure 2 along with characterization of the
regions with respect to the self similar para-
bolic velocity profile.

large deviation of 53% between the results of this work and
Alekseenko et al.’s measurements for the wave in Figure 3a
for reasons that are not well understood, since the rest of the
comparisons is within the limits of experimental error.

Comparison of the streamwise velocity distributions for
the wave in Figure 3a shows a maximum deviation of 33%
at x = 127.2 (which is at the minimum of the wave) from
the self-similar parabolic velocity profile. The deviation is
smaller at other locations, e.g., the maximum deviation is
9.8% at x = 137. Alekseenko et al.' have identified only the
region of the self-similar parabolic velocity profile for this
wave, along with a region of scatter.

The velocity distributions in the streamwise direction of
the wave in Figure 3b are shown in Figure 4. The solid curve
is the self-similar parabolic velocity profile. For this wave,
the phenomena are more complex and the profiles are shown
at some selected locations. In the region 135 < x < 150.2
(Figure 3b), the actual velocity profile is less filled than the
parabolic profile with a maximum deviation of 17% at x =
135.5. [Remark: This terminology is the same as that used
by Alekseenko et al.' and Malamataris et al.'* Less (more)
filled is indicated by a © (&) sign in Figure 3 and implies
that the actual u-velocity at any y-location is smaller (larger)
than that predicted using self similar parabolic profile
assumption]. This profile is shown in Figure 4(i). Then the
velocity profile becomes more filled in the region 150.2 < x
< 153.5 with a maximum deviation of 14% at x = 153.5,
which is also shown in Figure 4(i). These two profiles are
the bounds within which all actual velocity profiles lie in the
region 135 < x < 153.5. By inspecting Figure 4(i) at a
glance, one may accept that the self-similar velocity profile
is a good approximation for this region of the wave, which
constitutes 62% of its wave length. The region 153.6 < x <
157 is where the wave amplitude decreases steeply toward
the minimum. There, the deviations are very strong and the
bounds are shown in Figure 4(ii). The corresponding (transi-
tion) region in Figure 3b is denoted with the letter T. The
profile at x = 156.9 suggests that the flow starts to reverse.
Indeed this is the case, as shown in the velocity profiles of
Figures 4(iii), (iv).

The flow reversal region is 157 < x < 158, which coin-
cides with the minimum of the wave and the region of the
biggest scatter, as observed by Alekseenko and cow-
orkers." Eleven different velocity profiles in this region are
shown in Figures 4(iii), (iv). It is interesting to note that at
x = 157.3, which is the wave minimum, the streamwise
velocity component is negative up to the free surface. The
flow reversal region is denoted with the letter R in Figure
3b. The region 158 < x < 158.9 is the transition from the
flow reversal to the more familiar parabolic profiles. The
deviation to the ideal case is from 81% at x = 158.1 to
19.5% at x = 158.9. In the rest of the domain, 159.8 < x
< 165, the actual velocity profiles are close to the self-
similar one with a biggest deviation of 12.7% at x = 161.
For this wave, the measurements of Alekseenko et al.! are
inconclusive—as also pointed out by Tihon et al.’—
regarding the details of the velocity profiles, since in their
Figure 8.36b just data points are shown without any
comments.

Because of the flow reversal that occurs, we studied the
pressure and vorticity distribution of this flow both along the

Table 2. Comparison of the Numerical Results of This Work with the Measurements of Alekseenko et al.’s' Experiments
Regarding the Wave Velocity, ¢, Wave Length, 4, and Maximum Amplitude, h,,,, for the Runs in Figure 3

Nmax (Mm) A (mm) ¢ (mm/s)
Alekseenko et al. 0.73 0.88 1.12 12 15 36 310 340 460
This work 0.7348 0.8788 1.131 7.84 16.3 31.3 290.2 341.6 415
Hipax [-] 2 [ c[-]
This work 1.2637 1.5115 1.9453 13.5 28.15 54.1 1.88 2.225 2.7029

The results of this work are shown both in the units given by Alekseenko et al.' and in dimensionless units which is the outcome of the computations.
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the self similar parabolic velocity profile along with velocity profiles in the circulation region.

free surface of the wave and along the wall. The vorticity for

this case is defined as w = <% — g—;) For a flat film, the

vorticity is zero at the free surface and decreases monotoni-
cally to a value of —3 at the wall while the pressure is con-
stant (at zero) with respect to both x and y. The results are
shown in Figure 5. The pressure, both along the free surface
and the wall is close to zero up to x = 151, which is more
or less the region of the wave where the velocity deviations
are not big with respect to the self-similar parabolic profile,
as shown in Figures 3b and 4. Then, there is a gradual
increase in the pressure followed by a rapid decrease. The
pressure attains its minimum value at the same x-location as
the wave. There is a steep increase in the pressure again fol-
lowed by a fluctuation of the same manner as the free sur-
face of the wave. The sudden increase in the pressure after
the minimum of the wave is the consequence of the flow re-
versal. It should be noted, that the pressure both along the
wall and along the free surface have the same magnitude.
Only the minimum value of the pressure is different, which
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causes a positive pressure gradient in the transverse flow
direction at this point. [Remark: The sign changes in the
pressure appear to occur at nearly the same location as those
in the curvature of the free surface. This is expected based
on the normal stress boundary condition].

The vorticity along the free surface is again close to zero
up to x = 153. It takes a large negative value at the mini-
mum of the wave, due to the fact, that the flow is decelerated
there and the streamwise velocity component reaches an
even negative value, as shown in Figure 4. Along the wall,
the vorticity has a constant negative value (close to —3) in
the corresponding part of the flow domain where pressure is
constant. Then, due to the flow reversal, the vorticity changes
sign and finally, it fluctuates in the same manner as the free
surface of the wave and the pressure. It should be noted that
since v(x,0,1) = % (x,0,) =0, the dimensionless wall shear
stress (Ty = g—’;(x, 0,1)) has the same magnitude and opposite
sign as vorticity, i.e., in the region of flow reversal, the wall
shear stress is negative.

July 2008 Vol. 54, No. 7 AIChE Journal
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Another important quantity characterizing the flow reversal
is the depth averaged local flow rate g(x, f) defined by

h(x,t)

q(x,t) = / u(x,y, t)dy (12)

0

Combining the continuity Eq. 1 with the kinematic condi-
tion Eqgs. 11 and 12 give

oh  0Oq
—+ —=0. 13
o " ox (19
For a wave moving with a constant celerity (Ce), Eq. 13
leads to the following relationship in the traveling wave
coordinate (z = x — Cet):

q(z) — Ce h(z) = go(constant) (14)

The computed results are shown in Figure 6 for the wave
of Figure 3b. The following three important observations can
be drawn from this calculation: (i) in the region of flow re-
versal, ¢g(x, f) attains a negative value, (ii) the region in
which the wall shear stress is negative is larger than that in
which ¢(x, t) is negative, and (iii) when the wave form
reaches a constant celerity, there is a linear relationship
between the local flow rate and film thickness and the slope
of this line is the wave celerity. [Remark: Since there are no
approximations involved in deriving Eqs. 13 and 14, we can
infer that if the relationship between q(x, t) and h(x, t) is not
linear, then the wave shape continues to change and the ce-
lerity is not constant. This observation will be used in the
next section in the analysis of Kaptiza’s experiment].
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It should be pointed out that while negative wall shear
stress has been observed in earlier studies of inclined
films”*'* this is the first report of locally negative flow rate in
the case of falling films (inclined or vertical). While low-
dimensional simplified models®® predict negative wall shear
stress, this is the first time a net negative flow rate (and a
negative value for streamwise velocity at the free surface)
has been calculated for a vertically falling film using the full
Navier-Stokes equations. For the calculation in Figure 6, we
note that g, = —0.03335 (Mpin = 0.4826), Gmax = 2.25994
(hmax = 1.512), go = —1.10890, and Ce = 2.22871. The
physical interpretation of these quantities is given in the next
section where the flow fields are interpreted in stationary as
well as moving coordinate systems.

The velocity distributions for the wave of Figure 3c are
shown in Figure 7. The phenomena in this case are even more
complex compared to the previous cases, due to the fact that
the wave amplitude is the biggest and the wave minimum is
the smallest. The region 92 < x < 123.8 is characterized by a
less filled parabolic velocity profile with a maximum deviation
of 6.34% at x = 111.1, as shown in Figure 7(i). By inspecting
this figure, one may agree with Alekseenko et al. ’s simplifica-
tion that the profile is indeed self-similar. In the region 123.8
< x < 126.6 the profile becomes more filled with a maximum
deviation of 28% at x = 126.6. This profile is shown in Figure
7(ii) (see also Figure 3c). In the region 126.6 < x < 130 the
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Figure 6. Variation of the flow rate in streamwise direc-
tion and observation of linear dependence
between flow rate and film thickness for the
wave structure of Figure 3b.
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Figure 7. Detailed normalized velocity profiles for the wave in Figure 3c that exhibit the maximum deviation from
the self similar parabolic velocity profile along with velocity profiles in the recirculation region.

flow undergoes again a transition to flow reversal where the
profile at x = 126.6 develops to the profile at x = 129.9 in a
continuous way as shown in Figure 7(ii). This region is
denoted with letter T in Figure 3c. The actual region of flow
reversal is at 130 < x < 131.2. This region is denoted with
the letter R in Figure 3c. The profiles of the streamwise veloc-
ities are shown in Figures 7(iii) and (iv). As expected, flow re-
versal is much stronger here than in the previous case, which
is demonstrated by the smaller minima of the velocity and the
greater number of locations where the surface velocity is neg-
ative (130.4 < x < 130.8).
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A transition region follows after the flow reversal which
may be divided into two intervals from 131.2 < x < 133 and
from 133 < x < 135.3, which are shown in Figures 7(v) and
(vi). These two intervals are denoted with letter T in Figure
3c. In the first interval, the velocity profile deviates between
75.8% at x = 131.3 and 34.5% at x = 133. In the second
interval, the deviation is from 34% at x = 133.1 to 78.4% at
x = 134.6 and finally to 28.3% at x = 135.3. In the rest of
the domain, that is in the region 134.6 < x < 141, the veloc-
ity profile has a maximum deviation of 15% at location x =
137. The profiles in that region are very close to the self-sim-
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Figure 8. Pressure and vorticity distribution along the
wall and the free surface for the wave in
Figure 3c.

ilar parabolic one, as was deduced by the measurements of
Alekseenko and coworkers.”

Figure 8 shows the distributions of pressure and vorticity
along the free surface and the wall for this case. The behav-
ior of both magnitudes is analogous to the previous wave.
The local flow rate and film thickness profile plots are simi-
lar to Figure 6, the only difference is that the extrema of
pressure, vorticity, local flow rate, and wall shear stress
(which is the negative of the vorticity at the wall shown in
Figure 8b) attain greater values, since this wave has a
greater amplitude and a smaller minimum than the previous
one (for example, ¢min = —0.192253, hyin = 0.4476, Gmax
= 3.849068, hmax = 1.9447, g0 = —1.40039, and Ce =
2.69940).

By summarizing the comparison of our calculations with
the experiments of Alekseenko et al., we agree quantitatively
with almost all of their data apart from one instance of dis-
agreement regarding the magnitude of one wave length. We
also agree qualitatively with the fact that the region of the
biggest changes in the wave are located in the region of the
minimum. However, the computational results shed more
light in the vicinity of the wave minimum, which has been
termed the region of scatter by Alekseenko et al. and has
been poorly understood so far. We found flow reversal and
transition intervals upstream and downstream the wave mini-
mum where the deviation of the velocity profiles from the
self-similar parabolic one is greater than 15%. Additionally,
since the velocity profiles in Figures 4 and 7 exhibit two
extrema [x = 157.1 in Figure 4(iii) and x = 130 in Figure
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7(iii)], they can only be described by a cubic or higher order
polynomial in y.

Instantaneous Flow Field Structure

The study of the flow field structure is important in under-
standing the phenomena that take place inside the liquid
film. So far, the conventional approach was to solve the
Navier-Stokes equations for the vertical film with the Euler-
ian description and study the streamlines in a reference frame
that is moving with the speed of the wave. This approach is
used by many researchers in this field. +% By studying
streamlines in this reference frame that moves with the
wave, the appearance of circulation at the main hump of the
wave is often interpreted as the reason for enhancement of
heat and mass transfer at the gas-liquid interface. However,
this circulation is not seen in the laboratory (stationary)
frame of reference and, as pointed out by Alekseenko et al.'
may not be the only reason for enhancement of heat and
mass transfer in the film. We discuss here the structure of
the flow field in both the stationary and moving reference
frames and the physical interpretation of both view points in
terms of transport enhancement at both interfaces (gas—liquid
and solid-liquid).

First, we note that the stationary view point is not used in
the falling film literature but has been in wide use in describ-
ing other time varying flow fields such as those in the case
of Poiseuille-Bénard convection [s. Xu and Lin?’ and the
references cited there]. The local direction of flow in the flat
film (up or down) is best understood in the stationary frame
of reference. For small amplitude waves (e.g., hmax/In <
1.2), the wave velocity always exceeds the highest stream-
wise velocity in the film (at the crest of the wave) and an ob-
server moving with the wave sees no circulation. For large
amplitude waves (fma/hn > 1.6), where the streamwise ve-
locity at the wave crest exceeds that of the wave and the
transverse or v-velocity within (one wavelength of) the film
changes sign, a circulation can be seen in a reference frame
moving with the wave. Assuming that the self-similar para-
bolic velocity profile is valid near the main hump of the
wave, the stream function, ¥, in a coordinate system moving
with the wave, may be approximated as

C3q (¥
l//—h3 (k2 3 Ce y.

The condition for the appearance of circulation is obtained
by setting, Oy/0y = 0 at y = hp,.y, leading to Ce hya + 390
= 0, or a sufficient condition for circulation is Ce /y.x + 3¢o
> 0. This condition is barely satisfied for the wave in Figure
3b but is certainly satisfied for that in Figure 3c. Thus, a very
small circulation may be seen near the hump in case 3b and a
much larger circulation in case 3c. This is confirmed in Figure
9 where we have shown the instantaneous streamlines for the
two flows in the moving reference frame. We note that the
appearance of a circulation in a reference frame moving with
the wave does not imply that the fluid particles trace closed
paths in the physical film. However, it implies that the fluid
particles that are within the circulation region are indeed
trapped in the laboratory frame (or physical film). This
trapping can be seen by following the pathlines of the fluid
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Figure 9. Instantaneous streamlines for the waves in

Figure 3b and 3c, calculated at a frame of

reference traveling with the speed of the

wave.

particles near the main hump. Once the flow field is known,
the pathlines are obtained by integrating the equations

dx

d
- = M(X,y,t), l:

dt - dt (x’y) = (x0>y0)|t:t0

v(x,y,1);

where (xy, yo) represents any point (fluid particle) in the film.

Figure 10a shows two computed pathlines for the case of
waves in Figure 3c. The particle path with starting position
(72, 1.34) lies in the circulation region of the wave in Fig-
ure 3c and the particle path with starting position (72, 0.77)
lies below the circulation region. The particle that lies in
the circulation region is confined in the y- direction between
the values of 1.15 and 1.65, while the other particle path
goes under the minimum of the wave. Figure 10b shows a
detail of this particle path when it goes under the minimum
where the pathline becomes a cycloid, due to the flow re-
versal.

We note that a particle is trapped only if the particle
transit (or residence) time over a given length L is equal to
that of the wave. In dimensionless units, this is equal to L/
Ce. Thus, for the wave in Figure 3c with Ce = 2.7029, the
transit time from x = 72 to x = 195 is 45.51 (The region x
= 195 to x = 200 is not used in the calculations in order to
exclude exit boundary effects). The computed results for the
particles in the circulation region of Figure 3c show that this

1734 DOI 10.1002/aic

Published on behalf of the AIChE

is indeed the case, as depicted in Figure 10a while the resi-
dence time for all other particles is much longer.

In the physical film, a trapped particle accelerates and
decelerates both in the x and y directions as it moves in dif-
ferent parts of the wave but does not trace a closed path.
However, for an observer moving with the wave, the same
particle path appears to trace a closed streamline. We also
note that whenever circulation is seen in the main hump in
the moving reference frame, the flow field within one wave
length shows two hyperbolic points on the surface and one
elliptic point in the interior. Further, the observer moving
with the wave sees a constant and negative up-flow go =
—1.1089 for case 3b and go = —1.40039 for case 3c every-
where in the film and stationary circulations near the humps.

Figure 11 shows the instantaneous flow field in the station-
ary frame of reference for the three waves of Figure 3. Here,
a stationary observer sees a positive (but varying) flow rate
at locations of the wave in case 3a but flow reversal for the
waves in cases 3b, c¢. The flow reversal region is confined in
the minimum of the wave, as already discussed in the previ-
ous subsection. The instantaneous flow field in this region
exhibits roll formation. These roll-type structures possess two
hyperbolic points on the wall along with a source and a sink
point at the free surface, as will be discussed in more detail
later in connection with Figure 13. The local flow rate g(x, 1)

film thickness

T T T T
120 180
streamwise location

0.9

{b)

o8 —

0.8 =
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Figure 10. (a) Pathlines of particles with starting posi-
tions (72, 1.34) and (72, 0.77).

t is the residence time for each particle until it reaches the
outflow. (b) Detail of the pathline of particle with starting
position (72, 0.77) indicating tha cycloid type path that
this fluid particle undergoes when it flows under the mini-
mum of the wave.
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Figure 11. Instantaneous streamlines for the waves in
Figure 3, calculated at a frame of reference
fixed at the wall (Eulerian approach).

in these regions of flow reversal is negative and the entire
film is divided into regions of up (negative) and down (posi-
tive) flows. The instantaneous streamlines in this case show
cellular structures similar to those observed in Benard or
Poiseuille-Benard convection. These cellular patterns corre-
spond to regions of up and down flows in the film.

We note that the hyperbolic points on the wall move with
the same velocity as the wave. This implies that each passing
wave sweeps the wall and the near wall region with flow re-
versal. This can also be seen from the pathline shown in Fig-
ure 10b, which has cycloid type loops indicating that the
fluid particles near the wall region indeed move backward.
Thus, the transport enhancement at the wall-fluid interface
and the finer details of the flow field near the wall can be
seen better in the stationary frame of reference. While the
two interpretations are complementary, in our opinion, the
stationary interpretation relates to the important physical
quantities such as the local flow rate and wall shear stress
more directly. For example, if we use the self-similar para-
bolic velocity profile as a first approximation, the wall shear
stress Ty,(x, #) and the local flow rate g(x, ) are related by
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3q(x,1)

) =

Thus, the region of negative wall shear stress and negative
flow rate coincide in this first approximation (but as stated
earlier, the former region is always larger than the latter
without this approximation).

It should be also noted that the pathlines in Figure 10 and
the instantaneous streamlines of Figure 11 are consistent,
since the streamlines in Figure 11 close to the crest of the
wave are more or less parallel to the wall and the streamlines
below the crest are curved. As a consequence, it is expected
that the particles near the crest are confined in the upper
region of the film, as shown in Figure 10a where the particle
path in confined in the region 1.15 < y < 1.65, and the par-
ticles away from the crest may move very close to the wall,
go below the minimum of the wave and then move away
from the wall up to a certain height in the film, as also
shown in Figure 10. It should be also noted that the particle
paths in Figure 10 are representative for the pathlines of all
fluid particles of the waves in Figures 3b and c.

The formation of cellular patterns in the instantaneous
flow field of the film intrigued us to compute cases at differ-
ent forcing frequencies, to understand better how the stream-
lines evolve underneath the crest of the wave and how roll
formation develops as already noted in Figures 11b, c. We
picked forcing frequencies of 0.2, and 0.1 and plotted the in-
stantaneous streamlines for the fully developed waves in
Figure 12. The dimensionless frequency of 0.2 is greater
than the forcing frequency for the wave in Figure 1la and
helps us to understand the evolution of the phenomena below
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Figure 12. Instantaneous streamlines for waves with

intermediate forcing frequencies, calculated

at a frame of reference fixed at the wall.
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the crest of the wave. The dimensionless frequency of 0.1 is
between the frequencies of Figures 11a, b and help us under-
stand the development of the open roll.

The flow field in Figure 12a consists of streamlines that
extend from the entrance of the flow field up to the exit and
corresponds to the forcing frequency of 0.2. For the given
Kapitza and Weber values, this frequency is close to and
slightly below the neutral frequency defined by the Orr-Som-
merfeld equations. As discussed earlier, the wave velocity in
this case exceeds the streamwise velocity at the crest and
hence a circulation cannot be seen by an observer moving
with the wave. The influence of the waves is confined in a
small region near the free surface.

By inspecting the flow field of Figure 12b, we observe the
existence of a roll structure in the instantaneous flow field in
analogy to the rolls that occur in the Poiseuille-Bénard flow.?’
This roll appears when two hyperbolic and an elliptic point
are generated at a critical wave amplitude. As the wave ampli-
tude increases, the hyperbolic points remain on the wall (but
the separation between them increases) while the elliptic point
moves away from the wall and inside the film. The streamline
connecting the two hyperbolic points separates the roll at the
wall from the rest of the fluid. The wall shear stress is nega-
tive between these two hyperbolic points. Because of the mag-
nitude of the wave minimum, the roll is confined in the liquid
film. Every point of the free surface moves in the direction of
gravity. This flow field represents the intermediate case of the
flow fields in Figures 11a, b. It should be noted that the fre-
quency range for the existence of rolls in Figure 13b is very
narrow. It may be in the region 0.105 < f < 0.98.

Figure 13b shows in more detail how the roll of Figure
12b looks like and how it transforms to an open roll as the
forcing frequency increases and the flow rate becomes nega-
tive up to the free surface. The open roll in Figure 13a is
representative for the roll structures in Figures 11b, c. The
flow pattern in Figure 13b is a familiar one, as the roll has
two hyperbolic points at the wall and an elliptic point in its
center. The novelty is the fact that this kind of rolls have
been known so far in flows with temperature gradients. They
are detected for vertically falling isothermal films for the first
time in this work.

The flow pattern in Figure 13a is a flow situation that we
encounter for the first time. It represents a straightforward
growth of the roll of Figure 13b. As the roll touches the free
surface and the free surface velocity becomes negative, the
roll is forced to “open,” in a simplistic way of describing
what happens, that is why we term the flow pattern of Figure
13a as “open roll.” The fact of the matter is that the two
hyperbolic points at the wall are still there in Figure 13a as
in the conventional roll of Figure 12b. The elliptic point of
the roll moves to the free surface in Figure 13a. We also
have a source (A) and a sink (B) point at the free surface
that connect to the hyperbolic points on the wall and this
new flow structure satisfies the criterion of mass conserva-
tion. We note that whenever an open roll such as the one
shown in Figure 13a exists, the pathlines of the fluid particles
on the free surface also have cycloid type loops as shown in
Figure 10b. Thus, in this case even the fluid elements at the
free surface move forward and backward!

By summarizing the results in Figures 11-13, we observe
how the instantaneous flow field of vertical film flows devel-
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Figure 13. Details of the rolls in Figures 11 and 12.

ops with decreasing magnitude of the forcing frequency or
increasing wave amplitude. At high forcing frequencies or
small wave amplitudes (Figure 12a), the wave velocity ex-
ceeds that of any fluid element in the film and the influence
of waves is confined to a small region near the free surface.
In this case, the waves have certainly no influence near the
wall region. As the wave amplitude increases, the velocity at
the crest exceeds that of the wave and each wave traps a cer-
tain amount of fluid. For low Ka fluids, this trapping may
occur before flow reversal near the wall. Further increase in
the wave magnitude, enhances both phenomena underneath
the minimum of the wave and below its crest, so that rolls
are formed below the minimum (Figure 13b). Finally, the
rolls grow all the way up to the free surface and the confined
streamlines are curved down to the wall, so that the flow
field is divided into regions of down flow interrupted by
short regions of up flows (Figures 11b, c).

In other words, to arrive at the flow patterns of Figures
11b, ¢, which represent the most disturbed flow fields from
the familiar Nusselt solution, the disturbance of the initially
parallel streamlines of the Nusselt flow starts both from the
top of the crest to the direction of the wall and from the wall
to the direction of the free surface. That is, the originally
parallel streamlines to the wall deviate due to perturbations
that start from two opposite directions, which are associated
with the maximum and the minimum of the wave.

The present analysis detected the existence of rolls and
negative flow regions for this particular flow. These phenom-
ena are much more difficult to identify had the flow field
been analyzed in the conventional traveling wave coordinate
system. It should be noted though, that in both reference
frames it is possible to explain how transfer rates are
enhanced by looking at the gradient of the flow field.

Wave Modulation and Oscillatory Rolls in the
Experiments of Kapitza and Kapitza (1949)

The analysis of the experiments of Alekseenko et al.
intrigued us to look at the historical experiments of Kapitza
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Figure 14. Wave evolution and single wave for Kapitza
and Kapitza’s experiment.'®

and Kapitza'® from the point of view of the existence of
flow reversal, roll formation and negative velocity all the
way up to the free surface. After all, Kapitza observed a
creeping upward motion of liquid helium along the walls of
capillaries while studying the heat transfer of this fluid at
very low temperatures.28 This behavior was explained with
the fact that liquid helium has almost zero viscosity at these
conditions and Kapitza invented the term superfluidity for
this phenomenon.

For this purpose, we chose the conditions published in the
work of Gao et al.* The Weber number is 33.38, the Reyn-
olds number is 20.1, the Kapitza number is 3449.3, and the
pulsing frequency is 0.0457. The computational domain is
500 dimensionless Nusselt film thicknesses long and it is tes-
selated in 10 elements in the y-direction and 10 elements per
dimensionless Nusselt film thickness in the x-direction. The
amplitude of the pulsation was 5%.

The fully developed waves are shown in Figure 14 along
with a single wave. The dimensionless time is 510 units. The
shape of the single wave has a similar form to the well
known shadow profiles published in the original work of
Kapitza and Kapitza,'® that have been reproduced many
times numerically over the last 25 years. What is still
unknown though is how the value of the shear stress at the
wall changes as a function of time at a fixed point. This is
addressed in this work and the results are shown in Figure
15a.

The signal of the shear stress is a periodic one as
expected, due to the periodic nature of the flow. However, a
change of sign is observed in the shear stress, which suggests
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flow reversal and roll formation. In the same Figure, the cor-
responding free surface position of the wave is depicted
along with the magnitude of the free surface velocity. The
change of sign in the shear stress coincides with the mini-
mum value of the wave amplitude and with a negative value
of the free surface velocity. The velocity profiles in the flow
reversal region are similar to the ones shown in Figures 4
and 7.

Although these observations are analogous to the analysis
of Alekseenko et al.’s experiments, Kapitza’s experiment has
an additional attribute, which is depicted in Figure 15b. In
this Figure, we plot the magnitude of shear stress, free sur-
face minimum and free surface velocity of the first minimum
point in Figure 14 where a negative shear stress is observed
(x = 215) as a function of time. That is, we follow how the
value of shear stress, free surface velocity, and amplitude
changes with time as the wave moves along the wall. By
inspecting Figure 14 closely, we observe that both the mini-
mum and the maximum amplitude of the fully developed
wave are not constant, but vary about 0.15 units for the max-
imum and 0.05 units for the minimum. This change has a
major influence in the value of shear stress along the wall
and the magnitude of the free surface velocity.
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Figure 15. (a) Shear stress as a function of time at a
fixed point of the wall for the wave evolu-
tion of Figure 14; (b) shear stress, free sur-
face minimum and free surface velocity for
the wave minimum at x = 215 for the wave
evolution of Figure 14.
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It is shown in Figure 15b, that there is a steady growth in
the shear stress as the flow proceeds downstream. However,
the small changes in the amplitude of the wave cause oscilla-
tions in the shear stress along the wall from negative to posi-
tive values, which implies that the roll grows and disappears
with the flow. The change in the magnitude of the free sur-
face velocity is in a direct relation to the change in the value
of the shear stress. When the shear stress has a negative
value, the free surface velocity is negative and the fluid
moves locally upward although the film flows vertically
downward. When the shear stress has a positive value, the
free surface velocity is positive, the roll disappears and the
fluid moves locally downward. The value of the minimum
amplitude of the wave is also plotted in the same Figure.
Although, the change in the amplitude is very small, of the
order of 5%, the change in the shear stress and the free sur-
face velocity is unexpectedly very high.

The oscillating nature of the flow field underneath the
waves and the unsteady motion of the wave is further con-
firmed in Figure 16 where we have shown the local flow rate
versus film thickness curve and the slope of this curve
(which is the wave celerity) versus film thickness. As
explained earlier, the wave celerity is not constant in this
case, and varies between the values 1.71 and 2.03 [Remark:
These results reported here for the first time are helpful in
understanding the wavy film behavior for high Kapitza num-
bers. We have found that these oscillatory flows also occur
for the case of Alekseenko et al.’s experiments in a much
smaller range of forcing frequencies].

The instantaneous flow field for the wave in Figure 14b is
shown in Figure 17a. The streamlines between the two wave
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minima are again confined by two rolls. The roll on the left
has grown all the way up to the free surface and it has trans-
formed to an open roll. The roll to the right is still confined
in the interior of the film. The whole flow proceeds at each
instant of time divided in regions of down flows interrupted
by small regions of up flows as is the case with the waves
produced by Alekseenko et al.> The only difference to the
previous experiments is that the region of down flow may
extend up to two wave lengths as opposed to one wave
length in the previous subsection, due to the oscillating na-
ture of the rolls which grow and disappear constantly. Such
oscillating rolls have not been previously reported for iso-
thermal flows neither for this flow nor for other cases.
Details on the growth of these rolls are given in Figures
17b, c, where the flow field under the minima of the wave of
Figure 17a is magnified. The only difference between the
results of this Figure with Figure 13 is that the roll of Figure
17b oscillates in time and space, so that it may disappear
(case not shown), grow (Figure 17c) and expand up to the
free surface (Figure 17b). The existence of these oscillating
rolls in the instantaneous flow field of the film with high
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Figure 17. Instantaneous streamlines for the wave in
Figure 14(ii), calculated at a frame of refer-
ence fixed at the wall along with details of
the rolls that appear under the minima of
the wave.
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Kapitza number is expected to enhance heat and mass trans-
fer even further than in the previous analysis of Alekseenko
et al.’s experiments.

It is not clear if Kapitza knew the existence of oscillating
shear stress at the wall in his 1949 experiments, since he
gives no information about that in his paper. It is also not
clear whether he made these experiments, in order to check
if Newtonian fluids with finite viscosity exhibit a locally
upward motion while flowing in the direction of gravity, a
phenomenon he first observed with liquid helium. However,
in his water experiments at room temperature, there is a
locally confined upward motion of liquid that is caused by a
roll which is formed at the wall and develops all the way up
to the free surface, where it degenerates to an “open roll.”
Our work sheds light to that side of Kapitza’s experiment for
the first time.

Before closing this section, we state a final new result of
our computations for the high Ka case. For Ka = 1000, We
= 5 and a forcing frequency of 0.02 we found as many as
five capillary ripples in front of the main hump of the wave.
Examination of the vorticity profile along the wall showed
four sign reversals indicating that there are four regions with
negative wall shear stress. Examination of the instantaneous
streamlines showed that the velocity profile is negative up to
the free surface in the first three regions while the roll has
not reached the surface in the fourth capillary ripple.

Summary and Discussion

The main contributions of this work may be summarized
as follows: (a) elucidation of the velocity profiles, flow struc-
ture and quantities such as the local flow rate and wall shear
stress in the wavy film corresponding to the experiments of
Alekseenko et al. and Kapitza and Kapitza, (b) elucidation of
the flow structure in the wavy film in the stationary as well
as moving frames of reference through plotting of instantane-
ous streamlines and pathlines, (c) discovery of cellular sta-
tionary and oscillatory patterns in the instantaneous flow field
of the film, (d) use of the linear relationship between flow
rate and film thickness for a wave to determine whether or
not it is moving with a constant velocity, and (e) physical
interpretation of the regions in which wall shear stress is
negative, i.e., in these regions, the wall to film transport is
enhanced (while the traditional explanation using traveling
wave coordinate system deals with the enhancement of trans-
port at the gas—liquid interface).

We now discuss briefly some (but most certainly not all)
of the unresolved issues related to film flows. First, the cal-
culations presented here deal only with 2D flows. It is known
experimentally that the 2D solitary waves can become unsta-
ble and lead to 3D waves. It is not clear how this instability
relates to the change in the flow structure underneath these
waves. Second, the present calculations are confined to the
viscocapillary regime (We > 1) but the case of most practi-
cal interest is the inertial regime (We < 1). Experimentally,
it is known that for high Kapitza fluids like water, the wave
amplitude in the inertial regime can be as large as 10 times
the mean film thickness. Further, these large amplitude waves
can develop singularities during their evolution and lead to
droplet formation. Equivalently, for any fixed Ka (fluid prop-
erties), there exists a critical flow rate (We = We,) above
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which (We < We,) there is no bounded solution to the film
flow equations. Finally, it is not clear how the shear instabil-
ities (Tollman-Schlichting) that appear in the film in the iner-
tial regime interact with the cellular structures generated in
the viscocapillary regime studied here. The calculation of the
flow structure in the film for these cases is challenging even
for the 2D case!
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